Abstract. Exponent information is proven about the Lie groups SU (3), SU (4), Sp(2), and G 2 by showing some power of the H-space squaring map (on a suitably looped connected-cover) is null homotopic. The upper bounds obtained are 8, 32, 64, and 2 8 respectively. This null homotopy is best possible for SU (3) given the number of loops, off by at most one power of 2 for SU (4) and Sp(2), and off by at most two powers of 2 for G 2 .
Introduction
This paper computes upper bounds for the 2-primary exponents of the Lie groups SU (3), SU (4), Sp(2), G 2 , and SO(3) through SO(8). As we are concerned only with 2-primary information, assume all spaces and maps have been localized at 2.
Two types of exponents should be distinguised. The homotopy exponent of a space X, written exp(X), is 2 t if t is the minimal power of 2 which annihilates the 2-torsion in the homotopy groups of X. The H-exponent of an H-space Y , written H exp(Y ), is 2 t if t is the minimal power of the H-space squaring map on Y which is null homotopic. Observe that if Y has H-exponent 2 t then its homotopy exponent is also bounded above by 2 t , but the reverse implication need not be true. In computing H-exponents, there is often interference from a few low dimensional integral homotopy classes. These misleadingly force the H-exponent to be infinite. To avoid this problem an appropriately connected cover is considered instead.
In what follows, a space X will often be looped beyond its connectivity. When this happens, let Ω The result for SU (3) is best possible in the following sense. There are known elements of order 4 in the homotopy groups of SU (3) but no known elements of order 8. It is conjectured that the homotopy exponent of SU (3) is 4. On the other hand, Davis and Mahowald [DM2] show that 8 is a lower bound for the H-exponent of Ω k 0 SU (3) for 0 ≤ k ≤ 8. So the result in Theorem 1.1 is best possible for the given number of loops. However, it may be the case that after looping SU (3) more often the H-exponent drops to 4 to match the conjectured homotopy exponent. The potential discrepancy between the homotopy exponent and the H-exponent is, at this point, not understood. As for SU (4), Sp(2), and G 2 , they have known elements in their homotopy groups of orders 16, 32 [MT] and 64 [DM1] respectively. So the results in Theorem 1.1 are off by at most one power of 2 for each of SU (4) and Sp(2) , and by at most two powers of 2 for G 2 .
As a corollary of Theorem 1.1 we are able to compute exponent bounds for the Lie groups SO(3) through SO (8) . Recall that Spin(n) is the universal two-sheeted cover of SO(n) if n ≥ 3. As well, it follows from [C1, §5] that H exp(Ω We prove Theorem 1.1 by manipulating the characteristic maps of the Lie groups.
In Section 2 we develop a general method for computing exponent bounds which is applicable to spherically resolved spaces, based on the degrees of the characteristic maps. The method can also be applied in other circumstances, and as an example we compute exponent bounds on even dimensional spheres. In Section 3 we give a factorization of the second power map on Ω factoring through Y for some r. The method generalizes to even dimensional spheres or odd primes, or to the case when Z is an H-space whose p r -power map factors through Y . It can be used inductively to obtain upper bounds on the exponent of spherically resolved spaces like SU (n) which are better, but not significantly better, than those previously known. The one example we focus on will illustrate the method and allows us to address a couple nuances that arise for spheres at the prime 2 which do not occur at odd primes, or in the case of H-spaces and power maps.
We begin with the following Lemma, which is a sort of Mayer-Vietoris sequence.
Lemma 2.1. Suppose there is a homotopy pullback diagram
where N is an H-space. Then there is a homotopy fibration
Proof. Let F be the homotopy fiber of g, and equivalently, of f . Applying homotopy groups gives a commuting diagram of long exact sequences
From this a diagram chase shows there is a long exact sequence
where α = (f * , h * ), β = i * + −g * , and γ is the connecting map given by the composite
Since N is an H-space, we can multiply i and −g to obtain a map
Now consider the homotopy fibration
On the level of homotopy groups, 
Lemma 2.2. Suppose there is a homotopy fibration
where Y is an H-space and there is a map
there is a homotopy fibration
Proof. The homotopy q • i 2 r results in a homotopy pullback diagram
Apply Lemma 2.1 to get a homotopy fibration S
Continuing the fibration sequence to the left two steps gives the desired fibration.
Before stating the exponent information coming out of Lemma 2.2 we need to elaborate on the nuances at the prime 2 mentioned earlier which do not occur at odd primes or in the case of H-spaces and power maps. Keeping all this in mind, Lemma 2.2 has the following corollary.
The r = 1 case is a bit different. Here, the homotopy exponent of S 2n+1 {2} is bounded above by 8, is conjectured to be 4, and in either case does not match the 2 within the braces. But the discrepancy in powers of 2 can sometimes be recovered by modifying the homotopy fibration in Lemma 2.2 by 'exchanging' a factor of 2 from the fiber to the base.
Lemma 2.4. Given the homotopy fibration
of Lemma 2.2, then there is a homotopy fibration
. Now, in place of the pullback used in the proof of Lemma 2.2, use the pullback
Remark 2.5. The exponent bounds resulting from Lemmas 2.2 and 2.4 can be further improved if the order of the map
This is what we do in Section 4 when Y is a Lie group and we bound the order of the characteristic map.
As an example of Lemma 2.4 in action, consider the even dimensional sphere S 2n , localized at the prime 2. As input we need some information about the homotopy exponents of odd dimensional spheres. Mark Mahowald has conjectured the following exponent pattern:
The homotopy of even dimensional spheres is intertwined with that of odd dimensional spheres by the Hopf fibration S
. The conjectured exponent pattern for even dimensional spheres is:
Note that the above estimates are realized as lower bounds on the exponent, that is, in each case there are known elements in the homotopy groups whose order matches the conjectured order. 
By Lemma 2.4, there is a homotopy fibration
{4},
Now consider the map induced by θ on homotopy groups. When restricted to the 2-torsion of the domain, π * (θ) has order 
which is equivalent to the homotopy fibration
The degree 2 map on the Moore space P 3 (2) factors as a composite
where q is the pinch map onto the top cell and i is the inclusion of the bottom cell.
This gives a composite of mapping spaces
which is equivalent to a factorization
X{2}
of the H-space squaring map on Ω {2} is homotopic to the composite 
where P is the connecting map in the EHP sequence, and H is the second James-Hopf
is homotopic to the second power map. This proves the following Lemma.
Lemma 3.2. There is a homotopy commutative diagram
We now link this information with the Lie group SU (3). Taking three-connected covers there is a homotopy fibration sequence
whereη restricted to the bottom cell is η. Thus the composite S
3 is the map i defined above. This results in a homotopy pullback diagram Lemma 3.3. There is a homotopy pullback diagram
for some map γ which has a right homotopy inverse. Proof. Consider the diagram
The right square homotopy commutes by Lemma 3.3. The top row is the second power map on Ω 
Bounding the order of characteristic maps
Recall that the characteristic maps S are of degrees 2, 2, and 4 respectively. The purpose of this section is to calculate bounds for the order of these maps (see Proposition 4.5 for the precise statment).
The characteristic map for G 2 is a bit different, so we begin by describing it.
Start with the standard fibration
. Use a second James-Hopf invariant to obtain a homotopy pullback diagram
where b is defined as the composite H • Ωg. Note that the space X is the same as the one in Corollary 4.2.
Proof. By [MT] 
We will need H-exponent information about X. Observe that X fits in another homotopy pullback diagram,
Proof. Consider the homotopy fibration X −→ S 
Lemma 4.3. There is a homotopy commutative diagram
ΩS 5η / / Ωη S 3 E 3 ΩS 4 ΩE 2 / / Ω 3 S 6 .
In particular, E
Proof. We first set up a homotopy equivalence ΩS
which has the properties we want. There is a homotopy pullback diagram
where i is the inclusion of the bottom cell. In particular r : ΩS
is a choice of retration such that r • Ωη η. Also, the Hopf invariant of ν is the identity. We now have a composite (H is the James-Hopf invariant)
which is homotopic to the identity. Therefore ending the previous paragraph implies that ΩE
On the one hand,
• Ωη. We want to show that on the other hand, ΩE Next, for the SU (3) case, we need to be able to work with the map η * which, as described in Section 3, is the map S which are natural in all three variables. In particular, suppose C is the circle. Then 
We need one more piece of information about factoring power maps on the loops of odd dimensional spheres. Recall from [R] that the H-space squaring map on Ω Proof. The homotopy group calculations in what follows come from [MT] for SU (3), SU (4), and Sp(2), and from [M] for G 2 . The characteristic map for each Lie group will commonly be denoted by j. 
